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The report discusses the inverse problem on determination of an unknown coefficient
in the second order term of the multi-dimensional linear pseudoparabolic equation
of the third order under the initial data and the Dirichlet boundary condition. The
integral condition of overdetermination on the boundary is taken as additional data for
the identification of the unknown coefficient. The assumptions on the input data are
formulated wherein the local existence and uniqueness of the solution of the inverse
problem is proved.

1. Introduction. The statement of the problem and preliminaries
An inverse problem for the pseudoparabolic equation
(u+ Liu)y + Lou = f (1.1)

with the differential operators L; and Ls of the second order in spacial variables is discussed
in this paper. Applications of the problem deal with the recovery of unknown parameters
indicating physical properties of a medium (see [1], [2], [3]). Since the natural stratum is
involved, the parameters in (1.1) should be determined on the basis of the investigation of
its behaviour under the natural non-steady-state conditions. This leads to the interest in
studying the inverse problems for (1.1) and its analogue.

A variety of works are devoted to the inverse problems for (1.1) (see [4], [5], [6] and
references therein). The results of [4],[6] are concerned with the reconstructing of unknown
source f and the kernels in integral term of (1.1) with the integro-differential operator Ls. To
the present author’s knowledge, inverse problems of the identification of unknown variable
coefficients in the terms of the second and third order of (1.1) have not been studied yet.

Let Q be a domain in R™ with a boundary 9Q € C?, T an arbitrary real number and
Qr = Q2 x (0,T). Throughout this paper we use the notation || - || and (-, -) for the norm and
the inner product of L*(Q); || - [|; and (-, ~>j are the norm of WJ(Q) and the duality relation

between W3 () and W, 7(Q), respectively (j = 1,2); as usual WP (Q) = L*(Q).
Let us introduce linear differential operators M : W3 (Q) — (W3 (Q))* and L : W} (Q) —
L?*(Q) of the form

Mv = —div(M(z)Vv) + m(x)v, Lv = Z Li(z)vg, + l(z)v

where M(z) = (my;(x)) is a matrix of functions m;;(z), i,j7 =1,2,...,n.
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The aim of the paper is to establish the local existence and uniqueness of the solution
to the inverse problem of finding the coefficient k(¢) in (1.1) with Ly = M, Ly = k(t)M + L
given the additional boundary data.

We assume that the following conditions are fulfilled.
L. mgi(x), Om;;/0x, , i,5,7 =1,2,...,n, and m(x) are bounded in 2. M is an operator of

elliptic type, that is, there exist positive constants m; and my such that for any v €Wy ()
malollf < (Mv,v), < mav|i. (1.2)

II. There exists a positive constant ms such that for any v € W2(Q)
|Mo]| < mglloll (13)

I, m;j(x) = my(x) for i,5 =1,2,...,n and m(x) > 0 for z € Q.
V. I(x),4,5,l =1,2,...,n, and [(z) are bounded in Q. For any v € W.}(Q)

[Lvllo < Allollx (1.4)

with a positive constant .

We are studying the following inverse problem.

PROBLEM 1. For a given constant n and functions f(t,z), g(t,x), 5(t,z), Us(z), w(t, z),
©1(t), @2(t) find the pair of functions (u(t,x), k(t)) satisfying the equation

u +nMuy + k(t) Mu+ Lu = f(t,x), (t,x) € Qr,
and the conditions
(u—i—nMu)‘t:O =Up(z), x €,
ul,, =06t x), tel0,T],

0 0
/ {nﬂ + k(t)—u} W(t, ) dS + o1 (k(E) = pa(t), € (0,T). (1.5)
80 ov 19,%

Here a% = (n,M(z)V) and n is the unit outward normal to 0f2.

If w(t,z) =1 and ¢; = 0, then the integral condition of overdetermination (1.5) means
a given flux of a liquid through the surface 0S2, for instance, the total discharge of a liquid
through the surface of the ground. Similar nonlocal conditions were considered in [7],[8].

We introduce functions a(t, z), h(t, x), b(t, z) and b"(t, x) as the solutions of the Dirichlet
problems

Ma=0 b0"+nMb"=0 in €, B(t,x),a‘m = bn‘ag = B(t, z);
Mb=0 h"+nyMR"=0 inQ, bl,,=h",,=uwtz), (1.6)
respectively, and keep the following notation:

<M'U1,U2>LM = (M(z)Vuy, Vo) + (m(x)vr, 1), 1,09 € W (S);

U(t) = (Ma,b) F(t,z) = a; — f(t,z) + La,

1,M’

VE) = alt) = 5 (Mo, 1), 5y + (F(E ) = a, ),
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2. The main result
In this section we prove the local existence and uniqueness theorem for Problem 1.

Theorem 2.1. Let the operators M and L satisfy I-IV and n is a positive constant. Assume
that

() f(t.x) € OO, T LX), Bt,) € CH((0,TEW;(09), Un(w) € LX),
wi(t) € C10,T), i=1,2;

(i) Up(z), B(t,x), w(t,x), ¢1(t), 2(t) are nonnegative functions and

/h”dx > hy = const > 0, te0,7T];
Q

(iii) there exists a positive constant o >0 such that
W) >0, tel0.T],
a(0,z) — Up(z) > 0, x €,

Then there exists Ty, 0 < Ty < T, such that Problem 1 has a solution (u(t,x),k(t)) €
CL([0,Tp); W2(Q2))x C[0, Ty] and the solution is unique. Moreover, the coefficient k(t) satisfies
the estimate

k()] <k (2.1)
with a positive constant ky for t € [0, Tp).

Proof. Following the idea in [9], we reduce Problem 1 to an equivalent inverse problem
with a nonlinear operator equation for k(t). Let us set w(t,z) = a(t,z) — u(t,x). Then the
pair (w(t,x), k(t)) is a solution of the problem

wy + nMw, + k(t)Mw + Lw = F(t,z), (t,x) € Qr; 22)
2.2
(w+ T)Mw)‘tzo =a(0,z) — Up(x), x € Q; w‘m =0, te(0,7T);
owy ow
N + k()5 rwds = (o1 + W)R(E) = o+ n(Mag, 1), 4 (2.3)
o0 v v :
t € (0,T). By virtue of the integration by parts and (1.6), (2.3) we have
(wy +nMuwy, h")o + k(t)(Mw, h")
k(t
= —{tr+ 0r00) = g+ n{ra0, 1), } - 2 ). (2.4

Multiplying (2.21) by h"(t,x), integrating over 2 and substituting (2.4) into the resulting
equation yield

K(0) (2(0) + () + %(w, W) = @7(1) — (L{a — w), 7). (2.5)
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It is easily seen that Problem 1 has a unique solution if and only if the problem (2.2), (2.5)
has a unique solution. Therefore it is sufficient to prove the assertion of the theorem for

(2.2), (2.5).
We seak a solution (w(t,z), k(t)) by the iteration scheme {(w(t,z), k'(t))};=y:

w! +nMuw! + K~ ) Mw' + Lw® = F(t, ),
{ (w® + nMwi)L:D = a(0,z) — Uy(x), wi|8Q =0, (26)
K0 (1(1) + () + %(wi, W) = @0(1) — (L(a — w), ) (2.7)
for i = 1,2,3,...; w%(t,xz) = 0. The initial approximation k° being a positive constant

determined later.
We begin with estimating Ki(t), i = 1,2,3,... . Suppose that for i = 1,2,3,... there
exists tj ' (0 <ty " <T) and a positive constant k5 ' satisfying the inequality

EYe)| < ki for te [0t 2.8
2 0

Multiplying (2.61) by Mw® and integrating over 2, we obtain
V@ ol < Bres (BT 207, e @)

Here we use the Gronwall’s lemma, the embedding theorem and the properties (1.2) and
(1.4). The positive constants By, By depend on T, 1, mg, my, A, mes € ||a(0,x) — Up||,
| Flle(o.r):02(0))- Applying the Friedrichs’ inequality to (2.9) gives
i 1/2 1 2t 4 i—1
|w'(t)|| < KBy'™ exp 3 BT + —k, , te|0,ty . (2.10)
n

Now acting with the operator (I +nM)~": W5 '(Q) =Wy () (I is the identity operator)
on (2.6,) and integrating over (0,t), 0 <t <t !, we arrive at the integral equation for w':

t
w' = (I +nM) " (a(0,z) — Up) —I—/ (I +nM)™" (F =K (1) Mw' — Lw') dr.
0
Inserting this expression into the left side of (2.7) yields

£ [ea(t) + 900+ (74 M) (a(0,) = Vo), )

+ %(/Ot(f +nM)" (F — K (1) Muw' — Lw') dr, h”)] = ®"(t) — (L(a — w'),h").

Let ¢ = 1. Since k° is a positive constant, the inequalities (1.2), (1.4), (2.9), (2.10) and
the assumption (iii’) of Theorem 2.1 give

% (I +nM)~(a(0,z) — Up), h") + ¢1(t) + ¥ (¢)

t
+%</ (I +nM)™ (F = Muw' — Lw') dr, h") >a—t(Bs+k°By) > % (211)
0
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for Vt € [0, to], to = min {m, 509 T} where positive constants B3 and B, depends on

mo, m1, A, 1, T By, By, mest), |lpillcrory, [Wllerorn, 1 leqomzz@ys 1h7 ooz @)-
One can now conclude from (2. 10) (2.11) that k'(¢) satisfies the inequality
2 BT +1
K1) < = {<I> + A[KBW (i)

5 ) + max Hau}} max |h7]| = Bs,  (2.12)

te€[0,T) t€[0,T)

for t € [0,to] Let us take k% < Bs. Then the estimate (2.12) is valid for any ¢ € [0, Ty, where

. « n
Ty = min , , T e
0 {2(B3+B4B5) 2B; }

Next let 7 = 2. Since inequality (2.12) holds on [0, Tp), it follows that w? satisfies (2.10)
with ki = Bg. Hence the inequality (2.11) is valid on [0, Tp] for w? and k?, which implies

|K'(t)| < Bs te€[0,Ty. (2.13)
for i = 2. Repeating this procedure, one can deduce the estimate (2.13) and (2.8) with
kit = Bs on [0, T} for every i = 1,2,3, ..., which enables to derive the estimates

i 2 i 2 .
n||w (t)H2 < B, 77||wt(t)H2 < By, tel0,Tp], i=1,2,3,... (2.14)

from (2.8)-(2.10). The positive constants Bg and B; depend on n, Ty, By, Ba, By, K, my,
ma, A, maxycpr ||F(t)|| but does not depend on 4.
Now let k'(t) = k™ (t) — ki(t), @'(t,x) = w(t,z) — wi(t,z). From (2.7),(2.13),(2.14)
it follows that .
K'(t)] < Bsl|w' (1)l t €[0Ty, (2.15)

where the positive constant Bg depends on 7, o, ki, A, max.cjo.r7 ||27|| but does not depend
on i. The function @° is a solution of the problem

{ @} + Mg+ K (OMG + L' = =k () Mu, (2.16)
2.16

(@' +nMa')|,_, =0, = 0.

@ pq
Multiplying (2.16,) by M@ in terms of the inner product of L*(2) and integrating by parts
in the resulting equation, one can get by Cauchy’s inequality, (1.2), (1.3), (2.13) and (2.14)
~. 2 . .

B[+ By (@, M), + M) (217)

%(@i,MW +n||Maﬁ'Hz) <

)i

where the constant By depends on A, Bs, Bg, mq, ms, 1. Applying Gronwall’s lemma to
(2.17) yields

9 1/2
kL (r) dT) : (2.18)

t
(i 21, o, 41 < B

The positive constant By depends on 7, By, Ty, A, m;(j = 1,2,3), mes 2, but does not
depend on . Similarly one can derive the following estimate of w! from (2.16;) and (2.18).

(]

@ (t)]|]2 < By

- 2 vz
B dT) + |ki—1|] , (2.19)
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where the positive constant By; depends on 7, Cy, Cs, Tp, A, m;(j = 1,2,3), mesQ, but does
not depend on 7.

Let us introduce an equivalent norm in C'([0,7p]) as 1 -1 7, = maxeo,m){e |- |} with
a positive constant p to be determined later. Then (2.15), (2.18) imply

BsB BsBio\’ | -
B0 | < =g 1F7 O L < (50) 1O

The last inequality shows that there exists a limit k(¢) of the sequence {k(¢)} when p satisfies
the inequality p > (BgBig)?/2.

This in turn provides the convergence of {w’} to a function w(t,z) in the norm of
C([0,Ty); WZ(Q)) because of (2.19). Letting i — oo in (2.6), (2.7), we see that the pair
(w ( x), k(t)) is the solution of the problem (2.2), (2.5). Besides, w(t, x) satisfies the estimates
(2.14). The estimates (2.1) follows from (2.14) immediately.

The uniqueness of the solution (w,k) follows from the inequalities for the difference
(w, k) = (w' —w", k' — k") of two solutions (w’, k'), (w”, k") of the problem (2.2), (2.5)

1/2

|@(t)||2 < Bis (/0 k;(T)?dT> . R ot < 5—;_‘; | 2t | T t €10, Ty).

The positive constant B3 depends on 0, Ty, By, Bs, Bs, maxcpn [|[F], A, K, my, mo. If
p > B% /2, then k(t) = 0, and hence w(t,x) = 0 for all ¢ € [0, Tp] and almost all € €.
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