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Èññëåäóåòñÿ âîïðîñ ïîãðåøíîñòè íîðìàëüíîé àïïðîêñèìàöèè äëÿ áèíîìèàëü-
íûõ ðàñïðåäåëåíèé ñ ôèêñèðîâàííûì ÷èñëîì èñïûòàíèé n. Íà ñïåöèàëüíî âûáðàí-
íîé êîíå÷íîé ñåòêå çíà÷åíèé âåðîÿòíîñòè óñïåõà p ïðîèçâîäÿòñÿ êîìïüþòåðíûå
âû÷èñëåíèÿ òàêîé ïîãðåøíîñòè. Ïðè ïîìîùè àíàëèòè÷åñêèõ ìåòîäîâ îöåíèâàåò-
ñÿ îøèáêà, âîçíèêàþùàÿ ïðè çàìåíå ïîãðåøíîñòè àïïðîêñèìàöèè â ïðîèçâîëüíîé
òî÷êå âû÷èñëåííîé ïîãðåøíîñòüþ â áëèæàéøåé ñåòî÷íîé òî÷êå. Ïîêàçûâàåòñÿ, ÷òî
âåëè÷èíà ýòîé îøèáêè çàâèñèò â òîì ÷èñëå è îò âûáîðà øàãà ñåòêè. Ïðåäëàãàåòñÿ
ñïîñîá ïîñòðîåíèÿ íåðàâíîìåðíîé ñåòêè ïî p, èìåþùåé ìåíüøåå ÷èñëî òî÷åê ïî
ñðàâíåíèþ ñ ðàâíîìåðíîé, íî ïðè ýòîì îáåñïå÷èâàþùåé òàêóþ æå òî÷íîñòü âû-
÷èñëåíèÿ ïîãðåøíîñòè. Â ðåçóëüòàòå âûâîäèòñÿ âåðõíÿÿ îöåíêà êîíñòàíòû â íåðà-
âåíñòâå Áåððè�Ýññååíà äëÿ äâóõòî÷å÷íûõ ðàñïðåäåëåíèé ïðè óñëîâèè n = 1..200.

Ïóñòü X, X1, X2, . . . , Xn � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû ñ îäíèì è òåì æå ðàñ-
ïðåäåëåíèåì:

P(X = 1) = p, P(X = 0) = q = 1− p.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: Fn,p(x) � ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû

Sn =
n∑
i=1

Xi, Φ(x) = 1√
2π

∫ x
−∞ e

−t2/2 dt, Gn,p(x) = Φ
(
x−np√
npq

)
,

∆n(p) = sup
x∈R

∣∣∣Fn,p(x)−Gn,p(x)
∣∣∣, %(p) =

E|X|3

(EX2)3/2
,

Kn(p) =

√
n

%(p)
∆n(p), KN = sup

n≥N
max

p∈(0,0.5]
Kn(p).

Íå òåðÿÿ îáùíîñòè âûâîäîâ, ìû áóäåì ðàññìàòðèâàòü òîëüêî ñëó÷àé

0 < p ≤ 0.5.
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Çàäà÷à ïîëó÷åíèÿ íàèáîëåå òî÷íîé âåðõíåé îöåíêè äëÿ âåëè÷èíû K1 ñâÿçàíà ñ çà-
äà÷åé íàõîæäåíèÿ àáñîëþòíîé êîíñòàíòû â íåðàâåíñòâå Áåððè � Ýññååíà. Èñòîðèþ âî-
ïðîñà è áèáëèîãðàôè÷åñêèå ññûëêè ñì., íàïðèìåð, â [1] è [2].

Â [1] íàéäåíà ôóíêöèÿ E0(p, n), óäîâëåòâîðÿþùàÿ ñëåäóþùèì òðåì óñëîâèÿì:

a) Kn(p) ≤ E0(p, n), n ≥ 200,

b) äëÿ êàæäîãî p ∈ (0, 0.5] ïîñëåäîâàòåëüíîñòü E0(p, n) óáûâàåò ïðè n ≥ 200,

c) lim
n→∞

E0(p, n) = E(p) ≡ 2− p
3
√

2π [p2 + (1− p)2]
.

Èç ðàáîòû Ýññååíà [3] ñëåäóåò, ÷òî, âî-ïåðâûõ, äëÿ êàæäîãî 0 < p ≤ 0.5 ñóùåñòâóåò
ïðåäåë lim

n→∞
Kn(p), è, âî-âòîðûõ, ýòîò ïðåäåë íå ïðåâîñõîäèò

K ≡ 3 +
√

10

6
√

2π
= 0.409732 . . . .

Êðîìå òîãî, lim
n→∞

Kn(p0) = K, ãäå p0 = 4−
√
10

2
. Çàìåòèì, ÷òî max

p∈(0,0.5]
E(p) = E(p0) = K.

Â [1] òàêæå ïîêàçàíî, ÷òî K200 < 0.4215. Äëÿ òîãî, ÷òîáû ìû èìåëè ïðàâî ñ÷èòàòü
âåðíûì íåðàâåíñòâî K1 < 0.4215, îñòàåòñÿ óáåäèòüñÿ, ÷òî

max
1≤n<200

max
p∈(0,0.5]

Kn(p) < 0.4215.

Ìû ïîëó÷èì áîëåå òî÷íîå íåðàâåíñòâî.

Òåîðåìà 1. Ïðè 1 ≤ n ≤ 200 ñïðàâåäëèâà îöåíêà

max
p∈(0,0.5]

Kn(p) < K. (1)

Äîêàçàòåëüñòâî áóäåò ïîñòðîåíî, âî-ïåðâûõ, èç ÷èñëåííûõ ðàñ÷åòîâ âåëè÷èí Kn(p),
n = 1, 2, . . . , 200, ïî ñïåöèàëüíî âûáðàííûì ñåòêàì çíà÷åíèé p ∈ (0, 0.5] è, âî-âòîðûõ,
èç òåîðåòè÷åñêîé îöåíêè ïîãðåøíîñòè, âîçíèêàþùåé ïðè çàìåíå ïðîìåæóòî÷íûõ çíà-
÷åíèé Kn(p) áëèæàéøèìè ñåòî÷íûìè.

Î÷åâèäíî, ÷òî äëÿ ëþáîé ïàðû (n, p) âåëè÷èíà sup
x∈R

∣∣∣Fn,p(x)−Gn,p(x)
∣∣∣ äîñòèãàåòñÿ â

îäíîé èç n+1 òî÷åê ðàçðûâà ôóíêöèè Fn,p(x). Çàìåòèì, ÷òî ìû ðàññìàòðèâàåì ôóíêöèè
ðàñïðåäåëåíèÿ, íåïðåðûâíûå ñëåâà. Ïîýòîìó

∆n(p) = max
k=0,1,... ,n

∆n,k(p),

ãäå

∆n,k(p) = max
{
|Fn,p(k)−Gn,p(k)|, |Fn,p(k + 1)−Gn,p(k)|

}
.

Îáîçíà÷èì

ω(p) = p2 + q2, qi = 1− pi, %i = %(pi) ≡
ω(pi)√
piqi

.
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Ëåììà 1. Ïóñòü h > 0, 0 < p1 < p < p2 = p1 + h ≤ 0.5. Òîãäà ïðè ëþáûõ n ≥ 1 è

0 ≤ k ≤ n ∣∣∣1
%

∆n,k(p)−
1

%i
∆n,k(pi)

∣∣∣ ≤ L(p1, h) min
j=1,2
|p− pj|, i = 1, 2,

ãäå

L(p1, h) =
(1.332

p21q1
+

0.121

p1q1

) 1

%2
+

1− 2p1
2%2ω(p2)

( %21
ω2(p1)

+ 2
)
.

Ëåììà, ïðèâåä¼ííàÿ âûøå, ìîæåò áûòü ïîëó÷åíà èç îöåíêè ïîãðåøíîñòè â ëîêàëü-
íîé ïðåäåëüíîé òåîðåìå äëÿ ñõåìû Áåðíóëëè è åå ïðèìåíåíèÿ äëÿ îöåíêè ïðîèçâîäíîé
d
dp

∆n,k(p).

Òåîðåìà 2. Ïóñòü 0 < p∗ < 0.5 íåêîòîðîå ôèêñèðîâàííîå ÷èñëî, p∗ ≤ p ≤ 0.5, pi �
óçåë ñåòêè íà [p∗, 0.5] ñ øàãîì h, áëèæàéøèé ê p. Òîãäà ïðè ëþáûõ n ≥ 1 è 0 ≤ k ≤ n∣∣∣√n

%
∆n,k(p)−

√
n

%i
∆n,k(pi)

∣∣∣ ≤ h

2

√
nL(p∗, h).

Óòâåðæäåíèå òåîðåìû 2 ñëåäóåò èç ëåììû 1 è ñâîéñòâ ôóíêöèè L(p, h): îíà óáûâàåò
ïî ïåðâîìó àðãóìåíòó è âîçðàñòàåò ïî âòîðîìó.

Äîêàçàòåëüòâî òåîðåìû 1. Â [2] ïîëó÷åíî íåðàâåíñòâî èç êîòîðîãî ñëåäóåò (1)
ïðè óñëîâèè p ≤ 0.109. Ïîýòîìó äëÿ äîêàçàòåëüñòâî òåîðåìû íåîáõîäèìî îöåíèòü Kn(p)
ïðè 0.109 ≤ p ≤ 0.5, n = 1, 200.

Ðàññìîòðèì ðàâíîìåðíóþ ñåòêó Q íà [0.109, 0.5] ñ øàãîì h, êîòîðûé áóäåò âûáðàí
ïîçäíåå. Çàôèêñèðóåì ïðîèçâîëüíîå n ∈ [1, 200] è p ∈ [p∗, p∗∗], ïðè÷åì 0.109 ≤ p∗ <
< p∗∗ ≤ 0.5. Îáîçíà÷èì Q′ = Q∩ [p∗, p∗∗].

Òåîðåìà 2 äà¼ò íåðàâåíñòâî
√
n

%(p)
∆n,k(p) ≤

√
n

%(pi)
∆n,k(pi) +

h

2

√
nL(p∗, h),

ãäå pi � óçåë ñåòêè, áëèæàéøèé ê p. Ñ÷èòàÿ h ≤ 10−4, ìû ñîõðàíèì ýòî íåðàâåíñòâî,
åñëè çàìåíèì L(p∗, h) íà L(p∗) ≡ L(p∗, 10−4), òàê êàê ïî âòîðîìó àðãóìåíòó ôóíêöèÿ
L(p, h) âîçðàñòàåò.

Â ðåçóëüòàòå ïîëó÷àåì, ÷òî

Kn(p) = max
0≤k≤n

√
n

%(p)
∆n,k(p) ≤ max

0≤k≤n
max
pi∈Q′

√
n

%(pi)
∆n,k(pi) +

h

2

√
nL(p∗). (2)

Òàêèì îáðàçîì äëÿ äîêàçàòåëüñòâà òîãî, ÷òî Kn(p) < K íàì íóæíî âûáðàòü øàã
ñåòêè h, èñõîäÿ èç íåðàâåíñòâà

h

2

√
nL(p∗) < ε = 10−6, (3)

à òàêæå ïðîâåñòè âû÷èñëåíèÿ è óáåäèòüñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâà

max
0≤k≤n

max
pi∈Q′

√
n

%(pi)
∆n,k(pi) < K − ε.
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Çàìåòèì, ÷òî â ñèëó óáûâàíèÿ L(p) øàã h ìîæíî âûáèðàòü òåì áîëüøå, ÷åì ïðà-
âåå íàõîäèòñÿ ëåâûé êðàé îòðåçêà [p∗, p∗∗]. Ðàçîáüåì îòðåçîê [0.109, 0.5], íàïðèìåð, íà
òàêèå ïîäîòðåçêè: [0.109, 0.2], (0.2, 0.3], (0.3, 0.4] è (0.4, 0.5]. Íà êàæäîì èç íèõ îïðåäå-
ëèì h ñîãëàñíî (3). Ïîëó÷èì ñåòêó Q0 íà [0.109, 0.5] (ñ ïåðåìåííûì øàãîì). Çàòåì,
âîñïîëüçîâàâøèñü êîìïüþòåðîì, ïðîâåðèì, ÷òî âûïîëíåíî íåðàâåíñòâî

max
1≤n≤200

max
0≤k≤n

max
pi∈Q0

√
n

%(pi)
∆n,k(pi) < 0.4096. (4)

Òåïåðü èç (2)-(4) íàõîäèì, ÷òî äëÿ êàæäîãî 1 ≤ n ≤ 200

max
p∈[0.109,0.5]

Kn(p) ≤ max
0≤k≤n

max
pi∈Q0

√
n

%(pi)
∆n,k(pi) ≤ max

1≤n≤200
max
0≤k≤n

max
pi∈Q0

√
n

%(pi)
∆n,k(pi) + ε < K.

�
Íà ñàìîì äåëå, ñòðåìÿñü ìèíèìèçèðîâàòü âðåìÿ âû÷èñëåíèé, ìû âûáèðàëè äðóãèå

ïîäîòðåçêè, ïðè ïîìîùè ïîñëåäîâàòåëüíîãî âûçîâà ðåêóðñèâíîé ôóíêöèè Íàéòè ïî-

äîòðåçîê. Íàìè ó÷èòûâàëñÿ òîò ôàêò, ÷òî èç-çà óáûâàíèÿ ôóíêöèè L(p) íà ïðàâîé
ïîëîâèíå ëþáîãî ïîäòðåçêà òðåáóåòñÿ ìåíåå ãóñòàÿ ñåòêà, ÷åì íà ëåâîé ïîëîâèíå, ïðè
îäèíàêîâîé òî÷íîñòè ðàñ÷¼òîâ.

Â ôîðìàëèçîâàííîì âèäå ïðîöåäóðà ïîèñêà ïåðâîãî ïîäõîäÿùåãî ïîäîòðåçêà âûãëÿ-
äèò ñëåäóþùèì îáðàçîì.

Íàéòè ïîäîòðåçîê(p0, p1).

1 hmin ïðèíèìàåò çíà÷åíèå 10−12

2 pa ïðèíèìàåò çíà÷åíèå p0, pb áåð¼òñÿ ðàâíûì (p0 + p1)/2
3 ha ïðèíèìàåò çíà÷åíèå, íàéäåííîå èç (3) äëÿ îòðåçêà [pa, pb]
4 hb ïðèíèìàåò çíà÷åíèå, íàéäåííîå èç (3) äëÿ [pb, p1]
5 åñëè ha/hb > 1.5 è ha > hmin òî

âåðíóòü Íàéòè ïîäîòðåçîê(pa, pb)
èíà÷å

âåðíóòü [p0, p1]

Çàìåòèì, ÷òî äëÿ óìåíüøåíèÿ ÷èñëà óçëîâ ïîëó÷àåìîé ñåòêè êàæäûé ðàç âûïîëíÿ-
ëèñü âûçîâû óêàçàííîé ôóíêöèè äëÿ îòðåçêîâ [p0, p1], [p0, (p0+p1)/2] è [p0, p0+(p1−p0)/4],
à â êà÷åñòâå ïåðâîãî ïîäîòðåçêà âûáèðàëñÿ íàèìåíüøèé èç ïîëó÷åííûõ.

Ýòî îáóñëîâëåíî òåì, ÷òî âîçìîæíà ñèòóàöèÿ, êîãäà íà îòðåçêå [p0, p0 + (p1 − p0)/4]
äëÿ äîñòèæåíèÿ âûáðàííîé òî÷íîñòè òðåáóåòñÿ øàã hm, à íà îòðåçêå [p0+(p1−p0)/4, p1]
ïîòðåáóåòñÿ øàã 2hm, íî àíàëîãè÷íûå âû÷èñëåíèÿ äëÿ [p0, (p1 + p0)/2] è [(p1 + p0)/2, p1]
äàäóò, ÷òî îòíîøåíèå øàãîâ íå ïðåâûñèò 1.5.

Ñ÷¼ò íà ïîñòðîåííûõ òàêèì îáðàçîì ñåòêàõ ïðè n áëèçêèõ ê 200 òðåáîâàë ïðèìåðíî
íà 2 ïîðÿäêà ìåíüøå âðåìåíè, ÷åì ñ÷¼ò ñ èñïîëüçîâàíèåì ðàâíîìåðíîé ñåòêè.
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